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Two-dimensional collision of probe photons with relativistic ionization fronts
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The collision of a probe laser pulse with a relativistic ionization front is analyzed via two-dimensional
ray-tracing theory and simulations. It is shown that collisions in higher dimensions lead to new regimes for the
frequency upshift of the probe photons; the frequency upshift can be considerably higher for particular colli-
sion angles that maximize the interaction length with the ionization front gradient. Finite ionization fronts also
lead to angle-dependent frequency upshifts, thus acting as diffraction gratings.
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The frequency upshift of electromagnetic waves intera
ing with relativistic ionization fronts or relativistic electro
plasma waves has been raising significant interest in con
tion with tunable radiation sources@1–8#, diagnostics for
plasma-based accelerators@9#, and ionization dynamics ex
periments @10,11#; the collision of weak electromagneti
fields with relativistically moving plasma perturbations c
lead to significant frequency upshifts which can be co
trolled and can give information about the structure of
ionization front or laser wakefield.

Despite the detailed study performed by Lampe, Ott, a
Walker in their seminal paper@2#, where the collision of an
oblique wave incidence with an infinite ionization front w
first considered, most of the theoretical work has been
cused on one-dimensional configurations, even though
general, experiments are intrinsically two-dimensional
contain higher-dimensional features, such as ionization fr
finite width or probe beams with finite transverse profile
Motivated by recent experimental work with two
dimensional collisions of relativistic ionization fronts an
weak short laser pulses@12#, we investigate the key feature
of the frequency upshift of the probe pulse, combining th
oretical results for two-dimensional infinite fronts with ra
tracing simulations. In particular, we identify the differe
qualitative regimes for frequency upshift and we explore
effects arising from finite ionization fronts: it is shown th
finite ionization fronts~with widths comparable to the inter
action length of the probe photons with the front! lead to
lower upshifts, and more important, this upshift is less s
sitive to the front velocity, and essentially dependent on
maximum electron density of the ionization front for all co
lision angles. Furthermore, we demonstrate that under ap
priate conditions it is possible to employ a finite ionizati
front simultaneously for frequency upshift and pulse chi
ing: finite ionization fronts thus act as diffraction gratin
that increase the available laser bandwidth. The analytic
sults are complemented by ray-tracing simulations of
probe photons, obtained by numerically solving the ra
tracing equations.

We start with the ray-tracing equations, written in Ham
tonian form, and valid in the limit of the geometrical optic

*Electronic address: jmdias@alfa.ist.utl.pt
1063-651X/2002/65~3!/036404~6!/$20.00 65 0364
t-

c-

-
e

d

-
in
r
nt
.

-

e

-
e

o-

-

e-
e
-

approximation, which means that the ionization front lon
tudinal dimension (t fc, wheret f is the ionization front rise
time! and the transverse dimension (2W0) are much larger
than the probe photons wavelength@13#:
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whereV5@k2c21vpe
2 (x,t)#1/2, the local frequency, as dete

mined from the linear dispersion relations, plays the role
the Hamiltonian, andk andx are the canonical momentum
or wave vector, and canonical position, respectively, a
vp

2(x,t)54pe2ne(x,t)/me is the local electron plasma fre
quency squared, wherene(x,t) is the local electron density
of the ionization front,me is the electron mass, ande is the
electron charge. We will assume that the short laser pu
characterized byk, x, andV, propagates in the presence
an ionization front described by the electron density pert
bation

vpe
2 ~x2b fct!5vpe0

2 $12Q~x2b fct!%, ~4!

wherex is the ionization front propagation direction,b fcex
the ionization front velocity, andQ the Heaviside function
such thatQ(x)51 for x,0, andQ(x)50 otherwise. We
stress, however, that for an infinite front the exact shape
the ionization front does not change our results. It is poss
to assume that the ionization front is infinite whenever t
conditions are met:~i! the transverse width of the front i
larger than the probe beam width,~ii ! the transverse propa
gation length of the probe photons is shorter than the ion
tion front width, i.e.,t fc sinu0 /(bf2cosu0)!2W0. We will
assume thatk is defined in thexy plane, and cosu0
5k•ex /uku. With this definition, the standard results for th
frequency upshift in co- and counterpropagation will be
covered foru050, andu05p, respectively. We follow the
©2002 The American Physical Society04-1
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procedure described elsewhere@8#, introducing the canonica
transformation defined by the generating function

F25px~x2b fct!1pyy, ~5!

corresponding to the change of variables

px5kx , py5ky , ~6!

hx5x2b fct, hy5y, ~7!

and the new HamiltonianV̄ satisfies

V̄5@~px
21py

2!c21vpe
2 ~hx!#

1/22pxb fc, ~8!

and it is independent ofhy , which means thatpy5ky is a
constant of the motion. Furthermore, since nowV̄ is also
independent oft, thenV̄ is another constant of the motion
We will use these two constants of motion to derive t
frequency upshift for different configurations.

We first consider that the probe photons propagate
vacuum which means thatv05k0c, with k05(px0

2 1py0
2 )1/2,

and px05k0 cosu0, and py05k0 sinu0. With these initial
conditionsV̄(t50)5v0(12b f cosu0). After collision with
the ionization front, the photons can be either reflected by
front ~and propagate in vacuum!, or transmitted across th
front ~and propagate in the plasma region!. The first scenario
occurs whenever the trajectorypx(hx ,hy) has a caustic, i.e.
]px /]hx52`, which leads to the conditionv0<vh ,
wherevh is defined by

vh
25

vpe0
2 ~12b f

2!

~12b f cosu0!22~12b f
2!sin2u0

. ~9!

If v0<vh the pulse is reflected by the front and the ma
mum frequencyv f of the photon after the collision is give
by

v f

v0
5

12b f cosu0

12b f
2

1
ub f u

12b f
2

ub f2cosu0u. ~10!

This regime describes not only the standard double relati
tic Doppler upshift in counterpropagation (u05p), but it
also describes the scenario where the photons are overt
by the front and reflected to the vacuum region.

On the other hand, whenv0.vh the photons will propa-
gate in the plasma region~behind the front! and the maxi-
mum frequencyv f is

v f

v0
5

12b f cosu0

12b f
2

2
ub f u

12b f
2 F ~b f2cosu0!2

2
vpe0

2

v0
2 ~12b f

2!G 1/2

. ~11!

In this scenario an additional regime can be identified, wh
the probe photons are reflected~i.e., px changes sign! but the
photons propagate behind the front. The maximum cu
03640
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frequencyvX for this regime can be obtained from the co
dition px50 for some point in the photon trajectory:

vX
25

vpe0
2

~12b f cosu0!22sin2u0

.0. ~12!

To illustrate the different regimes for the infinite widt
ionization front we have performed ray-tracing simulation
solving the equations of motion for the photons, Eqs.~1! and
~2!, with a fourth-order Runge-Kutta method. In this sc
nario, the ray-tracing simulations confirm the analytical
sults. First, it is instructive to examine the different phot
phase-space trajectories, as shown in Fig. 1. The sele
plasma and probe photon parameters that illustrate thes
gimes are currently obtainable in laboratory conditio
@12,14,15#. Depending on the initial conditions, we obser
that the photons are either reflected in phase space~trajecto-
ries 1 and 3!, or transmitted in phase space~trajectories 2,4,
and 5!. More important, and unlike the one-dimensional sc
nario, even in the co-propagation scenario~whereu0<p/2)
we can observe reflection in phase space and a signifi
frequency upshift~trajectory 3!, that cannot be attained fo
standard injection conditions in one-dimensional collisio
This is the most interesting scenario, since the
propagating photons are injected in vacuum at some ang
the front, and then are overtaken by the front and reflected
the front again in the copropagation direction. This scena
maximizes the interaction time with the ionization front
the copropagation scenario, and it gives the highest
quency upshift when the conditions for reflection in t
counterpropagation scenario~leading to a double Dopple
upshift! are not met, as it usually happens for the stand
experimental conditions. It is therefore the most interest
scenario to examine in detail.

In Fig. 2, we evaluate the frequency upshift for c
propagation scenarios as a function of the different free

FIG. 1. Phase-space trajectories for the different regimes in t
dimensional collisions, in the planel52p/uku2hx , for different
initial conditions: 1 –u058/4p; l0510 mm, 2 – u058/9p; l0

57 mm, 3 – u05p/6; l155 mm, 4 – u058/9p; l052 mm, 5
– u05p/36; andl05434.2 nm, for an infinite width ionization
front, with a 80 fs rise time, maximum electron densityne055
31020 cm23, andb f50.941.
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FIG. 2. Frequency upshift as a function of~a!
u0, photon incidence angle~here, the asymptotic
value foru0→p is 7.57 nm);~b! b f , ionization
front velocity; and~c! ne0, ionization front den-
sity, keeping the remaining parameters consta
for ne05531019 cm23, b f50.941, and u0
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rameters, by employing the analytical expressions deri
before Eqs.~10! and~11!, keeping the incident frequency o
the probe photons constant. The remaining parameters
are kept constant are the ones available in the photon a
eration experiments by Dias and co-workers@12,14#. We im-
mediately observe that a clear maximum exists for the hi
est frequency upshift in copropagation, and that by caref
tuning the ionization front parameters it is possible to o
serve frequency upshifts in excess of 200 nm5l0/3 @in
Figs. 2~a! and 2~b!#. Furthermore, as can be seen in Fig. 2~c!,
the regime for reflection in co-propagation can be ea
achieved with modest ionization front densities. These
sults indicate that even when the conditions for reflection
counterpropagation are not met, the frequency upshift in
propagation can be optimized, and tuned, over a wide ra
of frequencies, with frequency upshifts of the same orde
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the frequency of the incident photons.
Of course, only when the spot size of the probe laser pu

is much smaller than the width of the ionization front~or
equivalently, the spot size of the ionizing laser!, it is possible
to talk about infinite ionization fronts@15#. In fact, in stan-
dard experimental conditions@10,12#, the spot sizes are simi
lar; therefore, it is almost mandatory to examine the featu
introduced by a finite width ionization front.

For finite width ionization fronts, the extra free parame
introduces new phenomenology. In fact, if we define our
nite width ionization front as

vpe
2 ~x2b fct!5

vpe0
2

2
e22y2/W0

2H 11tanhS x2b fct

ct f
D J ,

~13!
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wherey describes the transverse position, it is obvious t
depending on thecollision point, the probe photons will be
impinging on the front at different angles. It is then expec
that the frequency upshift will vary along the width of th
probe photon beam, much in the same way as shown in
2~a!. This is illustrated in Figs. 3 and 4, where we ha
solved the equations of motion for a photon beam with fin
width colliding with a finite width ionization front, as de
scribed by Eq.~13! and where we have deposited on a grid
the xy plane of the collision~and for each time step! the
local frequency of the photons, thus mapping the freque
of the photons along their propagation.

In Fig. 3, the standard scenario of transmission in co
terpropagation is presented. As expected, the photons co
ing, at x50, head on with the center of the front~at y50)
suffer a stronger upshift, and also a stronger diffracti
while the photons colliding with the outer parts of the io
ization front~at y'2W0'50 mm) remain almost unshifted

FIG. 3. Frequency upshift map for the collision of a slab
probe photons withW1525 mm andl05800 nm, colliding at an
angle u05p, with an ionization front withne05531019 cm23,
b f50.941,W0525 mm, andt f580 fs.

FIG. 4. Frequency upshift map for the collision of a slab
probe photons withW1525 mm andl055 mm, colliding at an
angleu05p/6, with an ionization front withne05531020 cm23,
b f50.941,W0525 mm, andt f580 fs.
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From the photon trajectories long after being detached fr
the ionization front~at x523000 mm), it is also clear that
the ionization front is acting not only as a relativistic mirr
but also as a diffraction grating, angularly spreading the p
ton beam with a well-defined frequency dependence. In F
4, the photons are reflected in copropagation, and the
quency upshifts are stronger, and again the ionization fr
upshifts the photons, increases the bandwidth of the incid
beam, and higher frequencies diffract at lower angles:
frequency upshifts, however, are lower than those predic
by the infinite ionization front results. This is due to the fa
that the photons slip out from the ionization front dens
gradient region in a time smaller than the interaction time
an infinite width ionization front. In fact, if we analyze th
frequency upshift in the same way as in Fig. 2, and for
same conditions of Fig. 2, but now for a finite width ioniz
tion front, we immediately observe lower upshifts by a fac
of 5 at the maximum when varyingu0 ~Fig. 5!, and this
upshift is less sensitive to the front velocity@Fig. 5~b!#, and
essentially dependent on the maximum electron density
the ionization front for all collision angles; this is due to th
fact that for a finite width ionization front the interactio
time is strongly limited by the geometry of the front, and n
longer by the front velocity, since the photons exit the ind
of refraction gradient sideways, before interacting co
pletely with it, as occurs in the infinite width scenario.

Another peculiar aspect of finite width ionization fronts
that another regime can be achieved, when the probe pho
enter the plasma behind the front. Now it is necessary
consider that the photons are injected in the plasma, over
the ionization front, and then either propagate in vacuum
in the plasma, behind the ionization front. For this scena
to occur the photon group velocity in the plasma projec
along the direction of the ionization front velocity, has to
greater than the ionization front group velocity, i.e.,

kc/v•ex.b f . ~14!

For probe photons colliding with ionization fronts created
a similar laser pulse with a similar wavelength, the veloc
of the front is similar to the velocity of the photons behin
the plasma, which means that condition~14! is not easily
satisfied. Therefore, this scenario does not seem to be
evant for the standard experimental conditions for the co
sion of probe photons with relativistic ionization fronts.

In summary, we have analyzed the two-dimensional c
lision of probe photons with relativistic ionization fronts em
ploying ray-tracing theory and simulations. Besides point
out the existence of a new regime that allows for stro
frequency upshifts even in copropagation, we have dem
strated that finite width ionization fronts lead to smaller fr
quency upshifts than the infinite width fronts, but have t
advantage of also acting as high-efficiency diffraction gr
ings, providing a well-defined angular spectral dispersi
Taming the relevant parameters where both of these
narios can be tested and applied in laboratory condition
the next step of this work.
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FIG. 5. Frequency upshift as a function of~a!
u0, photon incidence angle~here, the asymptoti
value foru0→p is 2.57 nm);~b! b f , ionization
front velocity; and~c! ne0, ionization front den-
sity, keeping the remaining parameters const
for a finite width ionization front withne055
31019 cm23, b f50.941, u05p/9, and W0

'21 mm.
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